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Abstract
It is shown that if M is a 2-equivalent continuum which contains an arc then M is a simple closed
curve, a simple triod, or an irreducible continuum. Examples of 2-equivalent continua are given
including one which is chainable, hereditarily decomposable and contains no arc. Ó 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
In [8] the author published a brief version of the current paper in which no proofs
were given. We have received numerous requests over the years that we publish a proof
that the example described in that paper has the claimed properties. These requests have
motivated this paper. For the sake of completeness we include here much of what appeared
in [8]. A continuum is a nondegenerate compact connected metric space. By a chainable
continuum is meant a continuum which can be covered, for each number ε > 0, by a
finite collection of open sets {O1,O2, . . . ,On}, each of diameter less than ε, such that
Oi ∩Oj = ∅ unless |i − j |6 1. Bing discusses these continua in [5].
It has been known for a long time [4,6,11] that arcs and pseudo arcs are the only
chainable continua which do not contain two nonhomeomorphic subcontinua. In this
paper we consider the problem of classifying those continua which contain two but not
three topologically different subcontinua. Such continua are called 2-equivalent. We show
that simple closed curves and simple triods are the only locally connected 2-equivalent
continua. In the nonlocally connected case we show that decomposable 2-equivalent
continua which contain arcs are like the familiar sin(1/x) continuum in that each is the
union of a ray R and a continuum H such that Cl(R)\R = H . By a ray we mean a set
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homeomorphic to the half-open interval [0,1) and by Cl(R) we mean the closure of R. We
also give an example of a chainable, hereditarily decomposable, 2-equivalent continuum
which contains no arc. The results of the next section were described in [8].
2. Locally connected 2-equivalent continua
A simple triod is a continuum which is the union of three arcs having a common endpoint
p and which are mutually disjoint except at p. A continuum is irreducible if and only if it
contains two points such that no proper subcontinuum contains both of them. A continuum
M is unicoherent if H ∩K is connected for any two subcontinuaH andK of M such that
H ∪K =M .
The following theorem appeared in [8, Theorem 1, p. 203] and has since been improved
by Nadler and Pierce [13]. We include our short proof for completeness.
Theorem 1. If M is a 2-equivalent continuum which contains an arc, then M is a simple
closed curve, a simple triod, or irreducible.
Proof. Assume M is as in the hypothesis. If M is not irreducible then by [15,
Theorem 11.2, p. 17], each two points ofM lie in an irreducible subcontinuum ofM which
must be an arc, so M is arcwise connected. If M is not unicoherent, then M contains and
thus is a simple closed curve. If M is unicoherent, then with the aid of [14, Theorem 3.2,
p. 456], it can be shown that M contains and thus is a simple triod. 2
IfM is a continuum which is irreducible from the point a to the point b, andM contains
an arc H from a to b, then M =H , and is not 2-equivalent. Thus we have the following
theorem as a corollary to Theorem 1.
Theorem 2. If M is an arc-wise connected 2-equivalent continuum, then M is a simple
closed curve or a simple triod.
Since locally connected continua are arcwise connected [15, Theorem 5.1, p. 38], we
have the following theorem, as promised in the introduction.
Theorem 3. If M is a locally connected 2-equivalent continuum, M is a simple closed
curve or a simple triod.
3. Decomposable 2-equivalent continua which are not locally connected
Let M denote a decomposable 2-equivalent continuum which contains an arc and is not
locally connected. It follows from Theorem 1 that M is irreducible. ThusM is hereditarily
irreducible and hereditarily decomposable.M contains two (possibly degenerate) continua
[10, Lemma A, p. 183], which are complements of composants of M . We abuse the
W.S. Mahavier / Topology and its Applications 94 (1999) 243–252 245
language and call these end continua even in the degenerate case. Recall that the subset
C of a continuumN is a composant of N if there is a point p ∈N such that C is the set of
all points x ∈N such that p and x lie in a proper subcontinuum ofN . Thus the complement
of C is the set of all points q ∈N such that N is irreducible from p to q . Assume both end
continua of M are degenerate, and let G be the upper semi-continuous decomposition of
M described in [10, Theorem 2.2, p. 185].G is an arc with respect to its elements. It is not
difficult to see that each element of G must be degenerate and thus M is an arc. But this is
contrary to the assumption that M is 2-equivalent. Further by [10, Corollary, p. 180] M is
atriodic and hereditarily unicoherent. And by [5, Theorem 11, p. 660],M is chainable. We
have established the following theorem.
Theorem 4. If M is a decomposable 2-equivalent continuum which contains an arc and
is not locally connected, then M is chainable and has a non-degenerate end continuum.
We continue with the following theorem.
Theorem 5. If M is a decomposable 2-equivalent continuum which contains an arc and
is not locally connected, and E is an end continuum of M , then M contains a proper
subcontinuum L having E as one end continuum and whose other end continuum is
degenerate.
Proof. Let G be an upper semi-continuous decomposition of M as described in [10,
Theorem 2.2, p. 185]. G is an arc with respect to its elements. Let E denote an end
continuum of M . It follows from [9, Theorem 1, p. 53], that there is an irreducible
subcontinuumH of M with a degenerate end {p} which is irreducible from p to q where
p and q are in different elements gp and gq of G neither of which is E and such that gq
separates E from gp in G. Let K denote the union of the elements of G in the subarc of
G from E to gq . H ∪K is an irreducible continuum and it is easy to see that if H ∪K is
irreducible from the point a to the point b then one of a or b is p and the other is in E. So
L=H ∪K is an irreducible continuum with E as one end continuum and {p} as its other
end continuum. 2
Finally we proceed to the theorem promised in the introduction.
Theorem 6. If M is a decomposable 2-equivalent continuum which contains an arc and
is not locally connected, then M is the closure of a topological ray R such that Cl(R)\R
is an end continuum of M .
Proof. It follows from Theorems 4 and 5 that M has one degenerate end continuum
{p} and one nondegenerate end continuum E. Let G denote the upper semi-continuous
decomposition of M given by [10, Theorem 2.2, p. 184]. Let K denote a subcontinuum
of M irreducible from p to a point x /∈ E. Let gx be the member of G containing x . By
Theorem 5,M contains a continuumH having {p} as one end continuum and whose other
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end continuum is degenerate and is a subset of an element of G between gx and E. But
then H has two degenerate ends so H is an arc, and K ⊆H so K is an arc. It follows that
each element of G except E is degenerate so M\E is a topological ray having E as its
closure. 2
4. Examples
Let M be a 2-equivalent continuum which is the union of a ray R and a continuum E
such that Cl(R)\R =E. E must be either an arc or homeomorphic to M . The closure of
the familiar sin(1/x) curve on the open interval (0,pi) is a familiar example where E is an
arc. In [8] the author gave a topologically different example in whichE is an arc. Since then
Sam Nadler independently observed [12] that there exist topologically different examples
and indicated how one might show that there are uncountably many topologically different
2-equivalent continua each of which is the closure of a ray R and such that Cl(R)\R is an
arc. More recently, Awartani [2, Theorem 4.7, p. 244], has shown that there are uncountably
many such continua, no one of which maps onto any other.
In [3, Example 4, p. 50], Ralph Bennett gave an example of a 2-equivalent continuum
M which is the closure of a topological ray R and where E = Cl(R)\R is homeomorphic
to M . We describe Bennett’s example below for completeness. Throughout this paper, I
denotes the interval [0,1]. By a map on I , we mean a continuous surjection of I onto I .
We first introduce some notation to simplify our description. If f is a map on I , a < b
and c < d , by the copy of f on [a,b] × [c, d] is meant the map uf v, where v is the
increasing linear map of [a,b] onto I and u is the increasing linear map of I onto [c, d].
We denote this map by f : ([a,b] × [c, d]), and by f : [a,b] if [a,b] = [c, d]. Note that
in this case v = u−1. If g is a surjection of [a,b] onto [a,b] and f is a map on I , then
f and g are said to be conjugate if there is a homeomorphism h of I onto [a,b] such
that if x ∈ I , g(h(x)) = h(f (x)) [1, pp. 18–19]. This is equivalent to g = hf h−1 and
f = h−1gh. In our case the copy f : [a,b] of f on [a,b] is conjugate to f and the
conjugating homeomorphism is linear. Throughout this paper the reader should note that
we consider real valued functions of a real variable as subsets of R2 and frequently refer to
the union of such sets to form a new function. The reader should also note that by a linear
map we mean one which is a subset of a line.
Example 1 (Bennett). A decomposable 2-equivalent continuumM which is the closure
of a ray R such that Cl(R)\R is homeomorphic to M .
Let g denote the map on I which contains the points (0,0), (1/2,1) and (1,1/2) and
is linear on the intervals [0,1/2] and [1/2,1]. For each i > 0, let gi = g : [1− 1/2i ,1−
2i+1] × [1− 1/2i ,1], and let f denote the union of ⋃i>0 gi and the degenerate set (1,1).
f is a map on I .
Bennett’s example is the inverse limit of the sequence f,f,f, . . . . In [3, Example 4,
p. 50], he showed that this inverse limit is the closure of a topological ray R and that
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Cl(R)\R is homeomorphic to Cl(R). In [7, Theorem 1, p. 2], Tom Ingram established a
theorem which is a slight generalization of one of Bennett [3, Theorem 5, p. 42]. Ingram’s
theorem can be used to show that the example described above has the claimed properties.
If J = I1, I2, . . . is a sequence of subintervals of I and h = h1, h2, . . . a sequence of
maps with hi(Ii+1)= Ii then (J ,h) is called an inverse limit sequence. The inverse limit
space determined by (J ,h) is defined as the set of all sequences x1, x2, x3, . . . such that
for each positive integer n, hn(xn+1) = xn considered as a subspace of the product space
I1 × I2 × · · · . The distance between two points x1, x2, x3, . . . and y1, y2, y3, . . . is defined
to be
∑i=∞
i=1 2−i |xi − yi |. This inverse limit space is often denoted by lim(J ,h). In this
paper we will suppress the J and denote the inverse limit by lim←− h. A few more definitions
will be helpful. If K is a sequence of subintervals of I and (K,f ) is an inverse limit
sequence then we shall say that lim←− h is a copy of lim←− f if there are integers n andm such
that for each i > 0, hn+i is a copy of fm+i . In this case there is a natural homeomorphism
of lim←− h onto lim←− f . Assume that f is a sequence of maps on I , fixed at 0 and 1. We call
0,0,0 . . . and 1,1,1, . . . the first and last points of lim←− f . If H1 andH2 are homeomorphic
to lim←− f , then we say that H1 and H2 are joined end to end if H1 ∩H2 = {p} and there
are homeomorphisms h1 and h2 of lim←− f onto H1 and H2, respectively such that h
−1
1 (p)
is the last point of lim←− f and h
−1
2 (p) is the first point of lim←− f .
If f is a sequence of maps on I , fixed at 0 and 1, and M = lim←− f then we shall say that
H is homeomorphic to M from p (or to q) if there is a homeomorphism of M onto H that
takes the first point of M onto p (or one that takes the last point of M onto q). If H is an
inverse limit and the homeomorphism of M ontoH is the natural one resulting from linear
conjugacies, then we say that H is a copy of M from p (or to q).
Example 2. A chainable, hereditarily decomposable 2-equivalent continuum which con-
tains no arc.
Let f1 denote the map on I such that f1(0) = 0, f1(1/2) = 1, f1(3/4) = 1/2,
f1(1) = 1, and f1 is linear on [0,1/2], [1/2,3/4], and [3/4,1]. Let g denote the
tent map on I such that g(0) = g(1) = 0, g(1/2) = 1, and g is linear on [0,1/2]
and [1/2,1]. Let x0 = 0 and for each n > 0, let xn = 1 − 1/2n+1. Let G0 denote
the partition {[0,1/4], [1/4,1/2], [1/2,3/4]} of [x0, x1]. We shall define inductively a
sequence f = f1, f2, f3, . . . of maps on I and a sequence G0,G1,G2, . . . of collections
of non-overlapping closed intervals. First we extend the notation defined in Section 4. If
T is a finite set of non-overlapping intervals, and h is a map on I fixed at 0 and 1, then
h : T denotes ⋃t∈T h : t . If each of u and v is a map on I , then u|v denotes the map on I
given by: (u : [0,1/2] × I) ∪ (v : [1/2,1] × I). Let f2 = (f1 :G0) ∪ (g|f1 : [x1,1]). Note
that f2 is a map on I , is fixed at 0 and 1, and if J ∈G0, f2(J )= J and is of length not
more than 1/2. LetG1 be a partition of [x1, x2] such that if J ∈G1, each of f1 and f1f2 is
linear on J , and the length of each of f1(J ) and f1f2(J ) is not more than 1/2. Now define
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f3 = (f2 :G0) ∪ (f1 :G1) ∪ (g|f2) : [x2,1]). This process may be continued to define the
sequences f1, f2, f3, . . . and G0,G1,G2, . . . such that for each n > 0:
(1) Gn is a partition of [xn, xn+1],
(2) fn+1 is the map on I fixed at 0 and 1 given by: fn+1 = {⋃i=n−1i=0 fn−i :Gi}∪ {g|fn :
[xn,1]}, and
(3) if J ∈Gn and 16 i 6 n+ 1, fi,n+1 is linear on J and the length of fi,n+1(J ) is not
greater than 1/2n.
The partition Gn is easily obtained since each of the maps f1, f2, . . . , fn is piecewise
linear. One should note that for n > 1, fn([xn,1])= [xn−1,1], fn+1([xn, xn+1])= [xn,1]
and f1([x1,1])= [1/2,1]. It follows that if J ∈ Gn and i < n+ 1, fi,n+1(J ) has length
less than 1/2.
Our example is M = lim←− f . We think of the example as a sequence of homeomorphic
copies ofM , joined end to end, whose diameters decrease to 0, and which oscillate like the
sin(1/x) graph, limiting on a continuum homeomorphic to M . The following Lemma 1 is
a formal statement of this description.
Lemma 1. There is a sequence p0,p1,p2,p3, . . . of points of M and a sequence
E,K0,K1,K2, . . . of subcontinua of M such that:
(1) E is a copy of M , for i > 0 Ki is a copy of M from pi to pi+1, and Ki ∩Ki+1 =
{pi+1},
(2) for i > 0, pi is a cut point of M ,
(3) 1,1,1, . . .∈E =M\⋃i=∞i=0 Ki , and each point of E is a limit point of M\E, and
(4) limiti→∞[diam(Ki)] = 0.
Proof. In the following, if x ∈ [0,1] and there is an integer k such that if i > k, fi(x)= x ,
thenM(x) denotes the point y1, y2, y3, . . . ∈ lim←− f such that for i > k, yi = x . Similarly if
J is a subinterval of [0,1] and there is an integer k such that if i > k, fi(J ) = J , then
M(J) denotes the set of all points y1, y2, y3, . . . ∈ lim←− f such that for i > k, yi ∈ J .
Let G = ⋃i>0Gi . G is a non-overlapping collection of intervals filling up [0,1). Let
t0 = 0, t1, t2, . . . be an increasing number sequence whose terms are the endpoints of the
intervals inG. Note that for each n> 0, if i > n+ 1, and J ∈Gn then fi(J )= J . Thus for
each n > 0, the interval [tn−1, tn] determines a subcontinuumKn−1 =M([tn−1, tn]) of M
and tn determines a cut point pn =M(tn) of M . Further, if n <m, then Kn ∩Km = {pn}
if m = n + 1 and Kn ∩ Km = ∅ otherwise. Also the inductive definition of the maps
f = f1, f2, f3, . . . insures that for each n > 0, Kn is a copy ofM . Also from the definition
of f we have that for n > 1, fn|[xn,1] is a copy of fn−1, and fn([xn,1])= [xn,1]. Thus
there is a natural homeomorphism of M ∩ ([1/2,1] × [x1,1] × [x2,1] × · · ·) onto M . Let
E =M\⋃i=∞i=0 Ki . Then E =M ∩ ([1/2,1] × [x1,1] × [x2,1] × · · ·) so E is a copy of
M . Recall that E is a copy of M means that E is an inverse limit which is homeomorphic
to M under a natural homeomorphism which is induced by linear maps between factor
spaces. Clearly {1,1,1, . . .} ∈ E. If e1, e2, e3, . . . ∈ E, then for n > 1, en ∈ [xn−1,1], and
there is a sequence yn+1, yn+2, yn+3, . . . such that for each i > 0, yn+i ∈ [xn−1, xn], and
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thus e1, e2, . . . , en, yn, yn+1, yn+2, . . . ∈ Kj where Kj is determined by some interval in
the collection Gn. It follows that p is a limit point of
⋃i=∞
i=0 Ki =M\E. The definition of
the partitionGn insures that if n> 0, J ∈Gn and i 6 n, fi,n(J ) is of length not more than
1/2n. And for i > n, fi(J )= J . So the subcontinuumM(J) of M is of diameter not more
than 1/2n. This completes the proof of Lemma 1. 2
The reader should note that if N is a member of the decomposition given by Lemma 1
then N is determined by an inverse limit of a sequence g1, g2, g3, . . . of functions where
for some positive integer n, gi is linear with slope not more than 2 if i 6 n, and gi is a
copy of fi−n if i > n. Moreover, if Lemma 1 is applied to N then each member of the
decomposition is of diameter no more than 1/2 that of N .
Next we want to show that if H and K are homeomorphic to M and H and K are
joined end to end, then their union is homeomorphic toM . Formally we have the following
Lemma 2.
Lemma 2. If H and K are continua having only the point p in common and H is
homeomorphic to M to p and K is a homeomorphic to M from p, then H ∪ K is
homeomorphic to M .
Proof. Using the notation of Lemma 1, for each i > 0, there is a homeomorphism
of Ki onto Ki+1 which takes pi onto pi+1 and pi+1 onto pi+2. Thus the union of
these homeomorphisms is a homeomorphism of M\E onto [M\K0 ∪ {p1}]\E. Since
the diameters of the sets K0,K1, . . . converge to 0, this homeomorphism extends to a
homeomorphism h of M onto (M\K0) ∪ {p1} that is the identity on E. Now K0 and
h(M) are copies of M from p0 to p1 and p1 to (1,1,1 . . .), respectively. It follows that
there is a homeomorphism of H ∪K onto M =K0 ∪ h(M) that maps H onto K0 and K
onto h(M). This completes our proof of Lemma 2. 2
The following Lemma 3 follows immediately from Lemma 2.
Lemma 3. If for 1 6 i 6 n, Mi is homeomorphic to M from pi to pi+1, and for i < n,
Mi ∩Mi+1 = {pi+1}, then ⋃i=ni=1 Mi is homeomorphic to M .
We next describe a continuum,N , such that each subcontinuum of M is homeomorphic
toM orN . As in Example 2 let x0 = 0 and xn = 1−1/2n+1 for n > 0. LetG= {[xi, xi+1] |
i > 0} and for each n > 0 let gn = {(1,1)} ∪ fn : G. Finally let g = g1, g2, g3, . . . and
N = lim←− g. From Lemma 1 we see that M is like the familiar sin(1/x) continuum in
that it is the closure of the union of a sequence of continua each homeomorphic to M
which limit on a continuum homeomorphic to M . Since M is chainable it must contain a
continuum which is irreducible between some two points and irreducible between no two
other points [9, Theorem 1, p. 53]. N , which is the closure of the union of a countable set
of homeomorphic copies of M which limit on a point, is such a continuum.
Beginning now with the proof of the main result, we first show that if H is a proper
subcontinuum of M containing M[0], then H is homeomorphic to M or N . We use the
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notation in Lemma 1. Since M is irreducible from M[0] to each point of E, then H
contains no point of E so there is a largest integer n such that H contains a point of
M1 = M[pn,pn+1]. Without loss of generality we assume n > 0. Otherwise we would
have that H is a proper subset of M[p0,p1] which is a copy of M . So we would use
Lemma 1 to decompose M[p0,p1] and assume that H was not a subset of the first
member of that decomposition. Since H is nondegenerate this process must stop after a
finite number of steps giving that H is a subset of a copy L of M and that H contains
the first element of our decomposition of L. The reader should note that each member
of the decomposition of M given in Lemma 1 is of diameter not more than 1/2. If
H ∩M1 =M[pn], then H =M[0,pn] is homeomorphic to M by Lemma 3. Otherwise
we note that M1 is a copy of M from x1 =M[pn], H0 =M[0,pn] is homeomorphic to
M by Lemma 3, H = H0 ∪ (H ∩M1) and H ∩M1 is a proper subset of M1 containing
x1. There is a decomposition of M1 as described in Lemma 1 each member of which is
of diameter not more than 1/22. Repeating the procedure described above, we find that
M1 ∩H , and thus H ∩M is homeomorphic to M , or else there is a continuum H1 in M1
which is a copy of M from x1 to a point x2 and the rest of H ∩M1 is a proper subset of a
continuum M2 which is a copy of M from x2. Either our process terminates after a finite
number of steps and we find that H is the union of a finite number of copies of M joined
end to end, or we obtain an infinite sequence H1,H2,H3, . . . of copies of M joined end to
end such that for each n > 0,
diam(Hn+1)6 12 diam(Hn).
In the latter case H is homeomorphic to the continuumN described above.
We next consider a proper subcontinuum H of M which contains M(1). We will show
that H is homeomorphic to M . The argument is much the same as before. Without loss of
generality we assume H containsE. Otherwise we denote the limiting set ofM by E1, the
limiting set of E1 by E2, etc. Since
⋂
n>1En =M(1) and H is nondegenerate there is a
largest integer k such thatH ⊆Ek . In this case Ek+1 ⊆H andH ⊆Ek and Ek is a copy of
M so the argument proceeds as given below. There is a largest integer n such that H does
not contain M[pn]. Then H ∩M[pn,pn+1] 6= ∅. If H ∩M[pn,pn+1] =M[pn+1], then
H is homeomorphic to M . Otherwise, we define H1 =M[pn+1,1], M1 =M[pn,pn+1],
and note that H = H1 ∪ (H ∩ M1) and that H ∩ M1 is a proper subset of M1 and
M1 is a copy of M to M[pn+1]. The argument continues as before. Use Lemma 1 to
decompose M1. Without loss of generality, assume that H contains the end continuum in
the decomposition. DefineM2 as the last copy ofM in the decomposition that intersectsH .
Define H2 as the copy of M from the last point of M2 to the last point of M1. Then either
H ∩M1 =H2 andH is homeomorphic toM by Lemma 3, orH ∩M1 =H2∪H ∩M2 and
H ∩M2 is a nondegenerate proper subcontinuum of M2. Continuing this process, we find
that either our process terminates after a finite number of steps and H is homeomorphic
to a finite set of copies of M joined end to end, or else the process continues and we find
that H is the closure of the union of an infinite sequence of copies of M joined end to
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end whose diameters converge to 0. That H is homeomorphic to M can be seen by noting
that
M =
⋃
n>0
M
[
1
4n
,
1
4n−1
]
∪M[0].
To complete the argument we start with a proper subcontinuum H of M , use Lemma 1
to decompose M . Without loss of generality we assume that H is not a subset of
M[pi,pi+1] for any i > 0 and let x =M[pn] ∈H be a cut point ofH . ThenH ∩M[pn,1]
is homeomorphic to M or N from the arguments given above, and H ∩ M[0,pn] is
homeomorphic to M . So H is homeomorphic to M or N .
This completes our argument that M contains only two topologically different
subcontinua. M is hereditarily decomposable since each of M and N is decomposable
since they both have cut points. The fact that M is chainable follows from the fact
that it is an inverse limit on arcs. One may also see that M is chainable as follows.
Since M is hereditarily decomposable and hereditarily irreducible, M is atriodic and
hereditarily unicoherent [10, Corollary to Theorem 1.3, p. 180]. It now follows that M is
chainable by [5, Theorem 11, p. 660].M is not locally connected and N contains continua
homeomorphic to M so neither M nor N is an arc. So M contains no arc.
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